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Abstract 



We will study modular Abelian varieties with odd congruence numbers, by 
studying the cuspidal subgroup of J(){N). We show the conductor of such 
Abelian varieties must be of a special type, for example if N is odd then 
N = p'^ or N = pq for some prime p and q. We then focus our attention to 
modular elliptic curves, and using result of Agashe, Ribet, and Stein [1], we 
try to classify all elliptic curves of odd modular degree. Our studies prove 
many cases of the Stein and Watkins's conjecture on elliptic curves with odd 
modular degree. 
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Chapter 1 

Preface 



After the work of Wiles, Taylor- Wiles, et al, we now know that all ellip- 
tic curves over Q are modular (see p]), which implies that there is a map 
vr : Xq{N) — > E defined over the rationals. As such, we have a new in- 
variant attached to a given elliptic curve, namely the degree of the modular 
uniformization vr. This invariant is related to many other invariants of an 
elliptic curve, for instance this number is closely related to congruences be- 
tween modular forms [1] . Also we know that finding a good bound on degree 
of vr in terms of N is equivalent to the ABC conjecture |12j . [6]. 

After intense computer calculation, Watkins conjectured that 2 to the 
power of the rank of -E'(Q) divides the modular degree of E. In particular, 
when the modular degree of E is odd, then E{Q) must be finite. Further- 
more, Stein and Watkins have observed that such elliptic curves must have 
good reductions away from at most two primes. The goal of this paper 
is to study Stein and Watkins conjecture, and some generalization of their 
conjecture to modular Abelian varieties. As such we recall some definitions 
and basic results with regards to modular Abelian varieties, congruences be- 
tween them, cuspidal subgroup, and elliptic curves in chapter [2j In chapter 
[3] we study general modular Abelian varieties with odd congruence numbers, 
and prove many conditions they need to satisfy. Chapter [4] is dedicated to 
studying elliptic curves with odd modular degree, where we use results of 
chapter [3] and some diophantine equations to prove parts of the conjecture 
of Stein and Watkins. 
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Chapter 2 

Preliminaries 



2.1 Jacobian Variety 

In this section we study the natural inclusion of a curve into its Jacobian. 
For the purposes of this paper, we will present the Jacobian variety as a 
special case of the Albanese variety: 

Definition 2.1.1. For a given variety V/k^ an Albanese variety {K\b(y) /k, i) 
is a couple consisting of an Abelian variety Alb(y)/A; and a rational map 
i:V ^ Alb(y) such that 

1. image of V under i generates Alb(y), 

2. For every rational map t: : V ^ B oi V into an Abelian variety 
-B, there exists a homomorphism tt* : Alb(y) B and a constant 
c{tt) S B{k) such that vr = vr^ o i + c(7r). 

To see the construction of this variety, and some of its properties, we 
refer the reader to [8j. 

Note that if p G y{k) is a rational point of V , we can find an Albanese 
variety (Alb(y),i) such that i{p) = 0. We call this the canonical Albanese 
variety of iy,p). We denote i by iy or iy^p whenever we want to emphasize 
V and p. If C/k \s a curve and p G C{h) and (Alb(C),i) is the canonical 
Albanese variety of {C,p), then Alb(C) is just the Jacobian of C and we 
denote it by Jac(C). We call the map ic,p the Albanese embedding of C 
[8]. For a curve C/k, the Albanese map is easy to desribe. Specifically 
ic,p{^) = (^) - b)' and 

ic,q{z) = ic,p{^) + (p) - (q) = ip{z) - ip{q)- (2.1) 
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Let f :V and let {Alh{W),iw) and (Alb(y),iy) be two Albanese 
varieties of V and W. Then we get a map 

i^of-.V^ Alh{W), 

which by definition of Albanese variety implies that we can find a map 
{iw ° /)* '■ Alb(y) — > Alb(l^) and a constant c(i^ o /) such that iw ° f = 
(iw ° /)* ° iv + c{iw of). We denote {i^ o f)^ and c(i^ o /) by and 
c(/) respectively. Now let p G and let (Alb(y),7V) be the canonical 

Albanese variety of {V,p). Furthermore, let {Alh(W),i\y) be the canonical 
Albanese variety of {W,f(p)). Then we have the following commutative 
diagram: 



V 



tv 



f 



Alb(F) 



(2.2) 



When V = W = C wc get the following 



Proposition 2.1.2. Let f : C ^ C be a map of curves and p & C, and 
let i = ic,p '■ C — > Jac(C) be the canonical Albanese embedding. Then there 
exists a map of varieties Alb(/) : Jac(C) Jac(C) such that the following 
diagram 

C Jac(C) 



C 



Alb(/) 

■ Jac((7) 



commutes. Furthermore, if A is an Abelian variety and ir : Jac(C) A is 
a surjective map of Abelian varieties such that /*(ker(7r)) C ker(7r)), then 
we can find a map (denoted by /* as well) A ^ A such that the following 
diagram 

Jac(C) -^-^ A 



f* 

Jac(C) 



-^A 



commutes. In this case, we can also construct a map Alb(/) : A ^ A of 
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varieties such that the following diagram 



commutes. 



Proof. Note that by diagram 12.21 we can find such that the fohowing 
diagram 



C Jac(C) 



C^JacW 



(2.3) 



commutes. However, ic,p{z) = icj(p){z) — icj{p){p) which means that 

Alb(/)(z) = + icjip){p) = f*{z) + c{f) 

is the desired map. To prove the second statement, for any a G A let z G 
Jac(C) such that Tr{z) = a, and let /*(a) = 7r(/^,(2;)). This is independant 
of choice of z by our assumption that ker(7r) is invariant under /^,. Finally, 
the last statement follows by noting that + 7r(c(/)) : A ^ A will make 
the above diagram commute. □ 

Let G be a finite group that acts on the curve C. Then we can induce 
an action on Jac(C) in two different way: For any g G G we have a map 
g^ : Jac(C) Jac((7) and Alh{g) : Jac(C) Jac(C). We call the first 
one the covariant action and the second one the Albanese induced action. 
Let vr : Jac(C) — > ^ be an Abelian variety quotient of Jac(C) such that 
ker(7r) is invariant under G. Then, bv 12.1.21 for all 5 G G we can construct 
Alb (5) : A ^ A such that the following 




Alb(g) 



commutes. We have the following useful proposition: 
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Proposition 2.1.3. Let G act on C. Let tt : Jac(C) A be a quotient of 
Jac((7). Assume that the Alhanese induced action exists and is trivial on A. 
Then tt o i factors through C ^ C /G ^ Jac(C/G). 

Proof. Since the Albanese induced action is trivial on A, we have for any 
g E G the following diagram commutes. 

g 

c >c 




A 



Therefore, the map tt o i factors through C — > C/G. By the Albanese 
property of the Jacobian variety, we get that tt o z factors through C — > 
C/G — Jac(C/G), which is the desired result. □ 

Given an Abelian variety A, we can construct a dual Abelian variety 

A^ = Pic" (A). We know that ^4^ is isogeneous to A. We also know that 
End(^) ~ End(A^)°P, via the map 4> G End(^) going to 0^. If End{A) is 
a commutative ring then End(A)'^ ~ End(yl). Let / be an ideal in End(^) 
and let 

A[L] = fl ker(<^). 
The following proposition is well known. 

Proposition 2.1.4. Let A be a simple Abelian variety such that R = 
End(A) is a commutative ring. If I is not the unit ideal then A[I] / 0. 

Proof. Since R is finite over Z and has no zero divisors, R is just an order in 
a number field. Assume that A[I] =0. If / is the zero ideal, then A[I] = A, 
so assume that / is a non-zero ideal. Let p £ I he a prime integer in /. 
Then we have I/pR C R/pR. Since R/pR is an Artinian ring, we get that 
for some integer n and J = (I/pR)"' we have that = J. This implies 
that if / is not the unit ideal, then /" C pR. Therefore A[p] C ^[Z"], which 
implies that ^ 0. Let 7^ P G Then for any -i/' G / we have 

that V(?!>"~H-P)) = 0- Let m be such that il}{4>"'{P)) = for ah V, e /, but 
for some G / we have '^{<i)^-'^{P)) / for any G /. Let Q = (/)'"^(P). 
We know that Q 7^ since we can let ^' = <j)' . On the other hand by our 
first assumption V-'(Q) = for any ip £ I. Therefore ^ Q £ A[I]. □ 

Corollary 2.1.5. If A is a simple Abelian variety such that R = End(^) is 
commutative ring and A[I] / then A'^ll] / 0. 
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Proof. If A[I] 7^ 0, then / is not the unit ideal (since ker(Id) = 0,) which 
imphes that / as an ideal of End(yl^) is not a unit ideal. Using proposition 
above we get that ^4^ [I] ^ 0. □ 

2.2 Modular Curves 

Let Xq{N) be the moduli space of pairs {E,Cj\f), where £' is a generalized 
elliptic curve and Cat is a cyclic subgroup of order A^. It turns out that 
Xo{N) is in fact a curve, and there is a smooth model of Xq{N) over Z[l/N]. 
Furthermore one has the complex curve EI/ro(iV) = Xo(N)(C), where H is 
the complex upper half plane, H = H U P"'^(Q), and 

ro(iV) = |(^" ad-6c = ±l,iV|c| C SL2(Z). 

Here (^^ z = The points of Xo{N){C) that are in the image of 

P-'^(Q) are called the cusps of Xo{N), so the cusps are in correspondence to 
P"'^(Q)/ro(A^). (See [5J for the proof of above claims.) 

Given r\N such that {N/r,r) = 1, we can decompose Cn = Cr x Cjy/r- 
Therefore, we can find natural map a^^r '■ Xq{N) Xo{r), where we just 
forget about C^/r, that is {E, Cn) ^ {E, Cr)- We also define the degeneracy 
map pN,r ■■ Xo{N) Xo{r) where {E,Cn) ^ (E/Cr, E[r]/Cr). We usually 
drop the subscript and r from the notation, that is we denote a, (5, to 
mean a]y^r,PN,r respectively. 

Remark 2.2.1. If A^, a, and b are pairwise relatively prime, then we get the 
following diagram 

Xo{abN) Xo{aN) 



Xo{bN) Xo{N) 

commutes, where / and g are either a or /3. As such we get that these 
degeneracy maps commute with each other, whenever we are dealing with 
numbers relatively prime to each other. 

When N is square free we denote the cusps of Xq{N) by Pr G Xq{N), 
indexed by r\N, in such a way that Pr is unramified under the degener- 
acy map aN,r '■ Xq{N) -'^o(^)- Recall that Xo{N){C) is isomorphic to 
M/Tq(N). Under this isomorphism, the cusp Pr corresponds to the rational 
number r/N. (So Pi = = ice.) 
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We let Jo{N) = Jac(Xo(A^)) to be the Jacobian of the modular curve 
Xq{N). The maps a and /? induce maps on the respective Jacobians. Specif- 
ically 

{aN,r)*,{f3N,r)* ■ Jo{N) Jo(r), 

For M an integer and p a prime such that p \ M we define «^o(P-^)p.old ^° 
be the image of Jo(M) in Jo(pM) under {apM,M)* and {(3pM,M)*, that is 

Jo(pM)p.Qid = (apAf,A/)*(Jo(M)) + (^pAf,M))*(Jo(M)). 

Furthermore define Jo{Mr)^_Qi^ = X]p|j. '^o(-^?')p-old- Similarly we define 

Jo{pM)p-new = ker((apM,M)*) + ker((/3pAf,M)*), 

and Jo{Mr)r-new = Hpir MMr)p-new- Also we define the Jo(Mr)^-old = 
Jo(Mr)/Jo(Mr),-new and Jo(Afr)-'^ew ^ Jo(Mr)/ Jo(Mr)^.oid- Finally 
let Jo(A^)new = ^o(^^)Af-new, and similarly for Jo(iV)'^^^, Jo(iV)oy, and 
Jo(iV)°l^. 



2.2.1 Cuspidal Subgroup 

Let be a square free integer. We have the following 

Definition 2.2.2. The cuspidal subgroup of Jo{N) is the subgroup C C 
Jo(iV) generated by elements Pr — Pi for r\N. 

In this subsection we study the order of elements in this group, and 
calculate this order for a certain elements in the cuspidal subgroup. These 
elements will later be used in finding congruences between modular Abelian 
varieties (see section 13. 3p . 

Recall the Dedekind's eta function is defined as 

oo 
n=l 

where q = e^'^*'^. We also denote r]{MT) by ??Af (''")• Note that the t] has a zero 
of order 1/24 at the cusps of H, and away from the cusps it is holomorphic 
and nonvanishing. We use r]M to construct functions with divisors supported 
on the cusps. In particular r]M has a zero of order 

(2.4) 



24 dtM 
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at the cusp corresponding to x/d £ H, where d' = gcd{d,M) and t = 
gcd{d,N/d) (see for example [13]). Let r = (rg) be a family of rational 
numbers G Q indexed by the positive divisors of 6\N. Then the divisor 
of function Qj. = YIsin ''Is^ supported on the cusps and we can calculate 

this divisor explicitly. Note that R = ^gr fs € forms a vector space of 

dimension 2* under multiplication, with basis The discussion above gives 
us an isomorphism between R and the rational vector space generated by 
the cusps of Xq{N), call it S. We will give a more managable description 
of this isomorphism when = pip2 ■ ■ - Pt is square free. First we will define 
an explicit isomorphism between R and Vi V2 • • • Vf where each Vi is 
2 dimensional with a chosen basis Cj^o and Cj^i. Specifically ei^ki ® 62,^2 
■ ■ ■ ® Ct^kt is mapped to rjg where 6 = p^^ . . -pf*. Similarly we have that 
S is isomorphic to Wi W2 • • • 0Wt where Wi is generated by fifi and 
fi 1 and ®/j ki is mapped to P k-^ ^t- Now define A^. : ^ to be 

J^k{ek,a) = Plfk,i+pl~''fk,o, that is = (^^ . Let 



A:Vi(g)---(g)Vt Wi(g)---(g)Wt, 

flO---®ft ^Al(t!l) (g) • • • (g) At(t!t) 



(2.5) 



Note that A^^ = 24(g)*^^ A^i. 
Our main tool is the following 

Proposition 2.2.3. Let r = (r^) be a family of rational number G Q 
indexed by all the positive divisors of 5\N . Then the function g^. = O^iat 'H^ 
is a modular function on Xq{N) if and only if the following conditions are 
satisfied: 

1. all the rs are rational integers; 
2- EsiN^sS^O (mod 24); 
3. EsiN^sf^O (mod 24) ; 
4- T,s\N = 0; 

5. Y\s\N ^ square of a rational number. 

For the proof see [9j. This proposition along with the isomorphism 12.51 
gives us a recipe for calculating the order of specific elements in the cuspidal 
subgroup, and the group structure of the cuspidal subgroup. In [4J this was 
done in the case is the product of two primes. When is square free, 
the proposition 12.2.31 simplifies to 
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Lemma 2.2.4. Let N = pi...pt be a square free number. An integral 
element w £ W is linearly equivalent to the zero cusp if and only if 

1. A~^w is integral, 

2. ((1, 1) (gi (1, 1) (g) • • • (1, 1)) w = (that is w is a degree divisor). 

3. for all i we have 

(1, 1) O • • • (0, 1) • • • (1, l)A~'^w, 

is even (where the (0, 1) vector is in the i-th position, and every other 
vector is the (1, 1) vector). 

Proof. For an integral w £ W to he linearly equivalent to 0, v = A~^w must 
satisfy the conditions in proposition 12.2.31 

1. We are specifically asking A^^w to be integral, so condition 1 is satis- 
fied by assumption. 

2. Note that the sum ^^i^ Srs is the same as 

{{l,Pl)0{l,P2)^---^il,Pt))v. 

Substituting v = A~^w we get 

5\N \i=l / 

il,pA A~'w 



,i=l / 

/ t \ / t 



24 



24 / * 



24((g)(0,l) 



Since we are assuming that w is integral, we get that the above sum 
is divisible by 24, so condition two is automatically satisfied. 
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3. Similarly, note that the sum X^^j^y -j-rs is the same as 

{{pi, 1) ® {P2, 1) ® • • • {pt, 1)) v = 24 (1' 0) j 

Again, the above sum is divisible by 24, since we are assuming that w 
is an integral vector. 

4. Similarly J25\n^s can be calculated by 

((1,1)0 (1,1)0 •••0(1,1)) w. 
Expanding this we get the product 

if ((1,1)0 (1,1) ^•••0(l,l))u;, 
for some nonzero K. Therefore we get that ^ = if and only if 

((1,1)0 (1,1) 0^^^0(l,l))u; = O, 

as desired. 

5. Finally Y\5\n ^ perfect square if the power of each prime is even. 
The power of the i-th prime of that product is just 

(1,1)0 •••0(0, 1)0 •••0(1, 1)7;, 

which gives us the desired result. 

□ 

As an immediate application of the lemma 12.2.41 we will calculate the 
order of cusps of the form u;i ^2 • • • tt^j G ~ S" where Wi = /o,i ± /i^j 
for all i. This is a well known generalization of the work of Ogg ([13j): 

Proposition 2.2.5. Let N = pi . . .pt be a square free integer. Let bk = ±1 
for k = 1,2, . . . ,t, such that b^ = —1 for at least one of these k 's, and 

d\N \pk\d 



Then, if N = pi is a prime, z has order Num (^ ^\2^ ^ ; o 
Num 



therwise it has order 



{pi + bi) ■ ■ ■ jpt + bt) 
24 
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Proof. Since the cusp z has degree 0, we only need to check for what value 
of n does nz satisfy conditions one and three of lemma 12.2.41 The cusp z 
maps to Wi where Wi = fo^i + bifi^i. Therefore 



24 * 



A-^w = , (g) - l)/o,i + ip^ - • 



Factoring pi — hi we get 



24 



Therefore Num ^^ ^^^^'^ ^' j divides n. As for condition three, note that 
(l,l)(5i/o,i + = 6i + 1 which is even, so as long as t > 1 condition 
three is automatically satisfied, and hence the order is Num ^ ^^^'^^'-^ ^ . If 

t = 1 then we get that that the order is Num ^ ^^^^^ ^ . □ 
2.2.2 Hecke Operators 

For an integer N and a prime p \ N , we have two degeneracy maps 

apN,N,PpN,N ■■ Xo{Np) Xo{N). 

These two define a correspondence which is called the p-th Hecke correspon- 
dence on Xq{N). This correspondence induces the Hecke operator Tp on 
Jo(iV) via 

Tp : Jo (TV) ^ MNp) Jo{N) . 

Note that 

Tp{{E,C)) = Y,{{E/D,{C + D)/D), 

D 

where D runs through all the cyclic subgroups of order p. For general n, 
define Tn by 

T4{E,C)) = Y,iiE/D,{C + D)/D), 

D 

where D runs through cyclic subgroups of order n such that CCiD = 0. We 
have the following well known identities 

Tpk+i = TpkTp — pTpk-i if p\ N, 

Tik=T^ if/|iV, 
Tmn = TmTn if (m, n) = 1. 
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For r\N such that {r,N/r) = 1, we define the Atkin-Lehner operator at 
I, denoted by Wr, acting on Xq{N) as follows: Let {E^Cn) G By 
our assumption on r we have that Cn = Cr x Cjv/r- Then 

Wr:Xo{N) ^ Xo{N) 

{E, Cr X C^/r) ^ (E/Cr, {E[r]/Cr) X (C7^/, + Cr)/Cr). 

Note that Wr{Pi) = Pr- Also, note that PN,N/r = OiN,N/r ° 'Wr, just by 
unraveling the definitions. 

The set of Hecke operators form a subalgebra of End( Jo(A^)). We denote 
this algebra by T = Z [T2 , T3 , . . . ] , and call it the Hecke algebra of level N . For 
T G T we have that T'( Jo(A'')new) C Jo(-^)new- Therefore, we can consider 
the image of T in End( Jo(A'")new)) call this T^^^, Note that even though 
Hecke operators commute with each other, in general Hecke operators do 
not commute with the Atkin-Lehner operators. For example, one can check 
that w^Tvun is not necessarily T, rather wnTwn = T"^ , the action of T 
induced on Jq{N)'^ (For details see [5j). However, one can check that the 
Atkin-Lehner operators commute with the Hecke operators over Jo(A^)new- 
Therefore, in T'^^^ we have that = T^- 

The action of the p-th Hecke operators is very easy to compute on 

^0(iV)F, 

Theorem 2.2.6 (Eichler-Shimura Relation). On Jo{N)^^ we have that 

Tp = Frobp +p/ Frobp, 

for all p\ N. 

2.3 Modular Abelian Varieties 

If / is a saturated ideal of T, then Aj = J/IJ is an optimal quotient of J 
since IJ is an Abelian subvariety. Let (p : J ^ Aj he the quotient map. 
Then (^/)^, the dual of Aj, is the unique Abelian subvariety of J such that 
it projects isogeneously to Aj. By the Hecke equivariance of 4> it follows that 
A'j is T-stable, and hence T acts on A'^ . Note that we also have an action 
of T which comes from embedding A"^ — > J"^. As we discussed in previous 
section, when Aj is a new Abelian variety, these two actions are the same. 
As result, we focus on Aj only when Aj is a new modular Abelian variety. 



13 



2.3.1 Algebraic Congruences 

Definition 2.3.1. The algebraic congruence group is the quotient group 

52(ro(iv),z) 



S2{ToiN),Z)[I]+S2{To{N),Z)[I] 



± ■ 



If A is an optimal quotient associated to /, we denote the above group by 
Ca- We cah the order of the above group the congruence number of A, and 
its exponent the congruence exponenet of A. Let rA_ denote the congruence 
number of A and denote the congruence exponent of A. 

This group can be calculated from the Hecke algebra using the following 
lemma: 

Lemma 2.3.2. Let (p '■ Joi^) A be a new optimal quotient. Let B = 
ker(i?!)). Let Ti he the image ofT in End(A^) and T2 he the image ofT in 
End(S). Then 



Hom 



T 'J S2(To{N),Z)[I]+S2(ToiN),Z)[I]- 



as Hecke modules. Specifially (Ti©T2)/T is the Pontryagin dual o/Ca and 
(Ti © T2)/T ~ Ca cls finite abelian groups. (See also ^1], lemma 4-3.) 

Proof. As in [1], apply the Hom(— ,Z) functor to the 

^ T ^ Ti © T2 ^ (Ti © T2)/T ^ 0, 

to get 

^ Hom(Ti © T2, Z) ^ Hom(T, Z) ^ Ext^ ((Ti © T2) /T, Z) ^ 0. 

Note that the on the left is because (Ti © T2)/T is finite group, and Z 
has no torsion subgroups, and the on the right is because Ti © T2 are 
torsion free, hence free Z-modules. Using the T-equivariant perfect bilinear 
pairing T x S'2(Z) Z given by {t,g) — > ai{t{g)), the above exact sequence 
transforms to 

^ 52(ro(iV),Z)[/]©52(ro(A^),Z)[/]^ ^ 52(ro(iV)) ^ ExtH(Ti©T2)/T,Z) 
Therefore 

C^~Exti((Ti©T2)/T,Z). 
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Now for any torsion Z-module M, applying Hom(M, — ) to the exact se- 
quence 

^ z ^ Q ^ Q/Z ^ 0, 

we get 

Hom(M, Q) ^ Hom(M, Q/Z) ^ Ext^M, Z) ^ Ext^ (M, Q). 

However, Hom(M, Q) = since M is assumed torsion, and Ext^(M, Q) = 
since Q is divisible, and hence injective. Therefore 

Ca ^ Hom((Ti © T2)/T, Q/Z). 

Since (Ti © T2)/T is a torsion Z-modules we have that (Ti © T2)/T ~ 
Hom((Ti © T2)/T, Q/Z), which proves the last asserstion in the lemma. □ 

2.3.2 Geometric Congruences 

Let (/) : J — s- be an optimal quotient. Dualizing this we get (j)^ : . 
Composing this with the theta polatization we get 

^ : ^ J"^ ^ J ^ A. 

Definition 2.3.3. The geometric congruence group is the kernel of the 
isogeny ij). We denote the above group by Da- The geometric congruence 
number of A is the order of Da, and the geometric congruence exponent is 
the exponent of Da- Let ua denote the geometric congruence number of A 
and HA denote the geometric congruence exponent of A. 

Remark 2.3.4. Note that in [Ij, what we call geoemtric congruence number \s 
called modular number, and geometric congruence exponent is called modular 
exponent- 
Remark 2.3.5. Note that 

Da = ker(V') = ker((/.) Q 

since the map 0^ : A}' is injective. 

For the rest of this section we briefly discuss the relationship between 
algebraic congruence group and the geometric congruence group. In \\] the 
following theorem is proved. 

Theorem 2.3.6 (Agashe-Ribet-Stein). If f £ S2{C) is a newform, then 
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2. If f N, then ordp(f^) = oTdp{nAf). 

Here we prove a result along the line of first part of the above theorem. 

Lemma 2.3.7. Let cf) : Jo{N) A be a new optimal quotient and let 
B = ker((/)). Let m be a maximal ideal of T. If A^[m] and B[in\ are 
both nontrivial, then m is in the annihilator o/ Hom(Cyi, Q/Z). Specifically 
#T/m divides r^, and the characteristic of T/m divides f^. 

Proof. Since j4^[m] is nontrivial, Ti^tiii is not the unit ideal, which implies 
Ti ® T/m is nontrivial. Similarly i?[m] nontrivial implies T2 T/m is 
nontrivial. Therefore T/m — > (Ti © T2) ® T/m is not surjective, since 
(Ti © T2) © T/m has zero divisors, while T/m is a field. Therefore 

'^i^^^ ©T T/m ~ Hom(CA, Q/Z) © T/m 

is nontrivial, which is the desired result. □ 

Corollary 2.3.8. If A is a new optimal quotient then \J ann(D^) C \J ann(C^), 
where \fl is the product of prime ideals dividing I. 

Proof. This follows immediately from 12.3771 □ 
Corollary 2.3.9. /// is a prime number such that l\nA then l\rA. 



2.4 Elliptic Curves 

An Abelian variety of dimension 1 is called an elliptic curve. Let R be any 
ring. An elliptic curve over the ring R has a model 

E : + aixy + a^y = + a2X^ + 04^ + og, 

where at G R, which is called a Weierstrass model (see [191). This model is 
not unique, and for any u, r, and s we can find an equivalent model by the 
following substitutions: 

ua'i =ai + 2s, 
u'^a2 =02 — sai + 3r — s^, 
u 03 =03 + rai + 2t, 

u^a'^ =04 — sa3 + 2ra2 — {t + rs)ai + 3r^ — 2st, 
u^a'^ =06 + ra4 + r^a2 + — ta^ — t^ — rtai. 
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There are many invariants attached to an eUiptic curve E/R. Here, we recall 
the discriminant and the conductor. 

Proposition 2.4.1. The discriminant A of the Weierstrass model 

E -.y^ + aixy + a^y = + 020;^ + 04 + ae, 

can be calculated as follows: 

b2 = af + 4a2, 
64 = 2a4 + 0103, 

66 = ai + 4a6, 

bs = (6266 - bl)/A, 

A = -6i68 - 8bl - 27bl + 9626466- 

Applying the above substitutions we get that the discriminant of 

E' : y^ + a'lXy + a'^y = x^ + 02^^ + a'^^x + Og 

is A' = u'^^A. If X is a local field with valuation v, and E/K is an elliptic 

curve over K, then one can choose a Weierstrass model for E such that 
^(A^;) is minimal. If is a global field, and E is defined over K, then we 
define the minimal discriminant ideal 

to be the product of minimal discriminants at each local place. If is a 
global field with class number 1, then one can choose a Weierstrass model 
of E such that AeOk = D^/k- If -f^ = Q then the number A^ is unique, 
and we can give an interpretation for the sign of this number. 

Proposition 2.4.2. Let E/Q be an elliptic curve over the rationals. Then 
E(R) has only one component if and only if Ae < 0. 

To define the conductor of an elliptic curve, we first recall that given 
an elliptic curve E/K and any integer n coprime to the characteristic of K 
we can construct a Galois representation pE,n by studying the action of the 
Galois group on the n-torsion points of E, 

PE,n ■■ Gal(K/K) Aut{E[n]) ~ GL2(Z/nZ). 
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Similarly, given a prime I, we can construct the Tate module of E via TiE = 
lim^ We can also study the action of the Galois group on the Tate 

module 

PE,io^ : Gb1{K/K) ^ GUi'^i). 

Let -fC be a local field with residue characteristic and let E be an elliptic 
curve over K. Let I be a prime distinct from p. Then we can calculate the 
Serre conductor of pe,i°^- It turns out that this conductor is independant 
of our choice of I (see for example |20j . or [IT]). We denote this number 
by 6{E/K) and we call it the conductor of E. When 6{E/K) = we say 
that E is unramified. In this case, Pe,i°° is defined by knowing the image 
of a Frobp G Gal{K/K). Furthermore, when E/K is unramified, then the 
minimal discriminant of E has valuation 0. 

Let K he a global field and let E be an elliptic curve over K. Then we 
define the conductor of E to be the product local conductors, specifically 

5iE/K) = n (2.6) 

Recall that the conductor of E divides the discriminant of E (see |20]). 
Therefore for almost all v G we have E is unramified over Ky. When 
E is unramified over Ky we define ay{E) to be trace(/3^^/oo (Frob^,)) for some 
choice of Frob„ . 

Elliptic curves over complex numbers have a particularly easy descrip- 
tion. Specifically given an elliptic curve E/C we can find a complex number 
r G C such that E[C) ~ C/(Z + rZ), where the isomorphism is in the 
category of complex curves. We denote C/(Z + rZ) by Er- 

2.4.1 Modular Uniformization 

Let -E/Q be an elliptic curve over the rationals. Then the conjecture of 
Shimura and Taniyama as proved by Breuil, Conrad, Diamond, Taylor, 
Wiles, etc says that E is modular (^23j, [22], [2]). This means that there is a 
normalized modular eigenform fE G S'2(ro(A^)) such that Tp{fE) = ap{E)fE 
for almost all primes p, where ap{E) is the trace of Frobenius of Pe,i°°- By 
Serre's epsilon conjecture [16], the minimum number that N can be is the 
conductor of E. Alternatively this means that there is a surjective map 
TT : Xq{N) E. We recall the construction of this map vr. For any mod- 
ular eigenform / G S'2(ro(A^)) with integer coefficients, the construction in 
section 3 produces an Abelian variety of dimension 1, which is an elliptic 
curve. Therefore for any such / we have a map Jo{N) Ef such that the 
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kernel is an Abelian variety as well. Embedding Xo{N) in Jo{N) we have a 
map Xq{N) Ef which is surjective since ttj : Jq{N) Ej was surjective. 
If we choose f = Je get that Ef is isogeneous to E, and composing 
Xq{N) Ef by this isogeny we get the desired vr. When vrj = vr then 
we call E the optimal elliptic curve. Given an optimal elliptic curve E, we 
define deg(7rj^) to be the modular degree of E. 

Proposition 2.4.3. Let E/Q be an elliptic curve over rationals, and let f 
be the modular form associated to E. Assume that E = Ef, that is E is an 
optimal elliptic curve. Then the geometric congruence exponent of Ef is the 
same as the modular degree of E. 

Proof. Recall that geometric congruene exponent is the exponent of the 
kernel of 

^ Jo(iV) ^ E. 

We know that E^ = E since E is an elliptic curve, and one can check that 
the above composition E ^ E \s just multiplication by the modular degree. 
Therefore the exponent of the kernel of this map is exactly the modular 
degree. □ 

We can calculate the map Xq{N) — > E explicitly over C. Recall that 
Xo(iV)(C) = II/ro(iV) and E{C) = C/(Z + rZ). Let be the modular 
form associated to E. Then the map 

tt: Xo(iV)(C) ^ E{C) = C/Ke 

z I— > 27ri J^°° fE{z)dz (mod A^;) 

where is generated by 2'ni fE{'y{z))dz for all 7 G ro(A^). We let 
A^; n M = O^Z, and we call ^Ie the real period of E. To verify that this 
makes sense, one we refer the reader to [18] . 
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Chapter 3 



Modular Abelian Varieties 
with Odd Congruence 
Number 

In this chapter we will study simple modular Abelian varieties with odd 
congruence numbers. By studying the twists of modular Abelian varieties, 
the action of the Atkin-Lehner involutions, the order of cuspidal subgroup, 
we show that if we have an absolutely simple modular abelian variety with 
odd congruence number, then it has conductor p", pq, or 2^~^"N for some 
positive integer a and odd prime q. 

3.1 Non-Semistable Case 

The goal of this section is to prove the following 

Theorem 3.1.1. Let A be an absolutely simple modular Abelian variety A 
of level N with an odd congruence number. Let 5p = for odd primes p, 
and 62 = 2. Assume that p'^'^^p\N . Then A has good reduction away from p 
and 2. Specifically if p is odd, then N = p^ , N = 4p^ , or N = for s >2, 
and if p = 2 then N = 2^^ . 

We expect that something stronger is true. Specifically, the theorem 
should be true without the absolutely simple assumption, however at this 
moment we don't know how to overcome the difficulty with inner forms 
in that case. To prove this theorem we use the technique of Calegari and 
Emerton to show that such modular Abelian varieties have inner twists by 
a character of conductor p [3]. Using results of Ribet on inner twists |15j . 
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we will prove that A must have potentially good reduction everywhere if A 
is absolutely simple, and ultimately A has good reduction away from p. A 
key part of this argument is the following 

Lemma 3.1.2. //EndQ(^)®Q is a matrix algebra then A is not absolutely 
simple. 

Proof. Assume that R = EndQ(yl)(8'Q is a matrix algebra. Then we can find 
projections Pi, P2 G ^ such that P1+P2 = Id, P1P2 = and Pi, P2 {0, Id}. 
Now for some integer n we have that nPj G End^ ( A) . If we assume that A is 
absolutely simple, we get that image of nPj must be A or 0. However since 
(nPi)(nP2) = n^PiP2 = we get that one of them must be 0, say nP2 = 
in Q(^). This implies that P2 = 0, which contradicts our assumption that 
P2 ^ {0,ld}. Therefore A is not absolutely simple. □ 

This lemma is used in conjunction with Ribet's result on the endomor- 
phism algebra of modular Abelian varieties with inner twist. Specifically let 
^ be a simple modular Abelian variety of dimension d. Associated to A are 
d modular forms, Galois conjugate to each other. Let f = Yl o-nQ^ be a mod- 
ular form of level and weight 2, associated to A. Let E = Q(. . . , an, . . . ) 
be the field of definition of /. Then we know that EndQ(A) Q = -E. Let 
D = EndQ(yl) (8) Q be the algebra of all endomorphisms of A. Then one 
easily sees that E is its own commutant in D, and therefore D is a central 
simple algebra over some subfield F ol E (see |14j). If we assume that A 
is absolutely simple, then D must be some division algebra with center E. 
Using [14J we have that D must be either E (which forces E = F) 01 a 
quaternion division algebra over F (which forces -E to be a quadratic exten- 
sion of F). The following theorem of [H] gives us potentially good reduction 
everywhere. 

Theorem 3.1.3. Suppose that A has an inner twist, and that D is not a 
matrix algebra over F. Then A has potentially good reduction everywhere. 

We get the following corollary. 

Corollary 3.1.4. Let A be an absolutely simple modular Abelian variety 
A of level N with odd congruence number. Let (5p = for odd primes, 
and 82 = 2. Assume that p'^'^^p\N . Then A has potentially good reduction 
everywhere. Specifically, for any other prime number q if q\N then q^\N . 

Proof. Assume that A has dimension d, and let = Yl^^nQ"" £ ^(((7)) be 
a normalized eigenform associated to A. Let E = Q(. . . , a^, . . . ) C C. Let 
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X be the quadratic character of conductor p. Since p'^^^'p\N , we get that 
X "SD /a is another modular eigenform in 52(ro(A^)) (see [S]). Since x is a 
quadratic character, x takes values in ±1, as result x® fA = Ia (mod A) for 
any A|2. If A has odd congruence number, then x® Ia must be in the same 
conjugacy class as /a- X® Ia = Ia then A has complex multiplication 
by X) and hence A has potentially good reduction everywhere. In general 
A might have an inner twist, and x'^ Ia = iUa) foi" some 7 G Hom(£?, C). 
Let r C Hom(ii^, C) such that for any 7 E F we can find a character X7 such 
that X7 ® /a = 7(/a)- By [TS] we get that F = , and as discussed above, 
D = End^ A Q must be a quaternion algebra. However, using theorem 
13.1.31 we get that A has potentially good reduction everywhere, as desired. 

The final claim of the lemma follows by noting that if q\N but q"^ \ N, 
then A has multiplicative reduction over any field extension. □ 

We now ask what happens if p'^'^^p\N and q'^'^^''\N for p and q distinct 
primes. In this case, A has more inner twists, and the subset T C Hom(£', C) 
will have at least four elements, 7i,7p,7q, and 7^^. But that means that 
\E : F\ > 4, which shows D must be a matrix algebra. However, lemma 
l3.1.2l forces A not to be absolutely simple, which contradicts our assumption. 
This completes the proof of the main theorem in this section. 

3.2 Atkin-Lehner Involution 

The goal of this section is to prove the following generalization of the main 
theorem of Calegari and Emerton [3]. 

Theorem 3.2.1. Let A be a new simple modular Abelian variety with odd 
geometric congruence number. Assume that A has no two torsion points. 
Then the conductor of A is a power of a prime. 

This theorem was proved by Calegari and Emerton in the case when A 
is an elliptic curve. Here we apply their techniques to higher dimensional 
modular Abelian varieties. We need to prove few lemmas first. 

Lemma 3.2.2. Let f : X/k Y/k be a degree m maps between curves. 
Then the composition 

Jac(y) ~ Jac(y)^-^ Jac(X)^ ~ Jac(X)— ^ Jac(y) 
is just multiplication by m. 
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Proof. It suffices to verify tfie above lemma for points (z) — oo G Jac(y), 
since these points generate Jac(y). The rest of the verification is easy. □ 

Lemma 3.2.3. Let cj) : jQ{N)/k A/k be a modular Abelian variety, and 
let IT : XQ(N)/k A/k be the composition of the Albanese embedding of 
Xq{N) and (p. Let w be an involution on Xq{N). Assume that the covariant 
action of w lifts to A, which by \2.1.^ implies that the Albanese induced 
action also lifts. Assume that Alh{w) : A ^ A is trivial. Then the geometric 
congruence exponent of A is even. 

Proof. Let G be the 2 element group generated by the involution w. Note 
that TT o w is just the Albanese induced action of G on A. Therefore the 
conditions in the lemma are telling us that the induced action of G on A is 
trivial. Therefore, by lemma [2.1.31 we get that (j) factors through 

Jac(Xo(iV)) = Jo{N) Jac{Xo{N)/w) A. 

Dualizing the above diagram and using the auto duality of Jo{N) we get 



^Jac(Xo(A^)/u;)^ 

Si 

y Y 

A^ Jac{Xo(N)/w)- 



By lemma [3.2.21 the middle arrow is just multiplication by 2, since degree of 
Xo{N) Xq{N)/w is 2. Using the commutativity of the above diagram, 
we can see that j4^[2](A:) C ker(5). Recalling that the geometric congruence 
number is the exponent of the kernel of 6 we are done. □ 

Lemma 3.2.4. Let A/k be a new simple modular Abelian variety with odd 
geometric congruence number. Assume that for some Atkin-Lehner involu- 
tion w we have is acting trivially on A, then Alh{w){z) = z + P for some 
P G A[2]{k). 



Proof. By lemma [3.2.3l we have that Alb(tt;) is not trivial. Since Alh{w){z) = 
w*{z) + P with P G A(k). Since Alh{w^){z) = Alh{wf{z) = z + 2P we get 
that P is a rational two torsion point. Also, since w is defined over k, we 
get that Alh{w) is also defined over k, which implies P G A{k). □ 



Given the above lemma, we can now prove theorem 13.2. 1[ 
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Proof. Assume that N is not a power of prime. Then the group of Atkin- 
Lehner involutions on W has more than one generator, say wi and W2 are 
two distinct generators. Since for any Atkin-Lehner involution w G W we 
have that w^^lz) = itz, we can find a non-trivial element in W such that 
W:,{z) = z. Applying lemma we find / P G A[2]{k). □ 

Remark 3.2.5. Note that in the proof of the above theorem, we can get away 
with slightly weaker assumption than simplicity. 

Remark 3.2.6. Assume that A/Q has good reduction at 2, and has odd 
congruence number but has bad reduction at at least two distinct primes. 
Then we can find an Atkin-Lehner involution such that Alh{w){z) = z+P for 
P a two torsion point. Considering Aq^ we have that A has good reduction, 
so we can find a smooth model over Az2 ■ Reducing this model modulo 2 we 
get A, and the map 

Alh{w) :A^A. 

If P vanishes under the reduction mod 2 map, we get that A\h{w) is trivial, 
which using theorem 13.2. II implies that the geometric congruence number is 
even. Therefore, having odd congruence number implies that A has a two 
torsion point that does not vanish modulo 2. 

We use the rest of this section to study the action of the Atkin-Lehner 
involution on Xq{N) more carefully. Specifically recall the following 

Lemma 3.2.7. Let N be any integer, and let r\N such that {r,N/r) = 1. 
Then Wr '■ Xq (N) Xq {N) has a fixed point if and only if for every prime 
p\r we have —p is a perfect square modulo {N/r). 

This lemma is particularly useful because 

Lemma 3.2.8. Let A he a modular simple Abelian variety of conductor N . 
Assume the Atkin-Lehner involution Wr '■ Xo{N) Xo{N) has a fixed point. 
Then (wr)* acts as —1 on A. Specifically (wp^)^ acts as —1 on A. 

Proof. Let P £ Xq{N) be the fixed point of Wr. Then 7r{P) G ^ is fixed 
under Alh{wr). However, we know that Alh{wr) = {wr)* + z for some z £ A. 
Since Alh{wr)iiT{P)) = (u;r)*(vr(P)) + z = tt{P) we get that either Alh{wr) 
is the identity, or (wr)* is acting as —1, which is the desired result. 

Finally, the point \/—N is fixed by wn, so (t^Ar)* is acting as —1. □ 

Since (wn)* is the sign of the functional equation we get the following 

Corollary 3.2.9. If A is a simple modular Abelian variety with odd con- 
gruence number, then the analytic rank of A is even. 
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The following lemma helps us in dealing with even conductors 

Lemma 3.2.10. Let A he a simple modular Abelian variety with odd con- 
gruence number and conductor 2M with M odd. Then {W2)* acts trivially 
on A. 

Proof. We already know that {w2m)* will act as —1 on A, and by lemma 
13.2.71 we have that {wm)* will act as —1 as well. Therefore (^2)* must act 
trivially. □ 



3.3 Algebraic Congruence Number 

torsion point, and an odd congruence number. By studying the cuspidal 
subgroup of Jq (N) , we will show that the conductor of such Abelian varieties 
when is square free is the product of at most 2 primes. We will then 
show that when = pq, then p and q need to satisfy certain congruences. 
Throughout this section, we assume that A^ is square free. 

For this section, let N be the conductor of A, and let T = T'^^^ be 
the Hecke algebra acting on Jo(A)^^^, and 5'2(ro(A'))new- Let m be the 
maximal ideal in T generated by 2, Tp — 1 for all p\N, and T; — (Z + 1) for 
all / 1 A^. Also let B = kei{(j)), where (p : Jo(A) ^ A is an optimal quotient. 

Applying the lemma [2.3.7l to the maximal ideal m we get that if j4'^[m] 7^ 
{0} and B[m] 7^ {0}, then the algebraic congruence number of A is even. If 
we show that 74^[m]ni?[m] 7^ {0} then we get that the geometric congruence 
number of A is even. 

The results of this section rely on the following lemmas. 

Lemma 3.3.1. Let A be a modular Abelian variety with a two torsion point 
P. Then P G A[m]. Specifically A^[m] 7^ 0. 

Proof. Clearly P is killed by 2, and TpP = -WpP = ±P = P (mod 2). 
Therefore the only question is TiP = {I + 1)P. This follows from Eichler- 
Shimura relationship Ti{P) = (Frob; +?/ Frob;)(P). Since P is rational, 
Frob; is acting trivially, and the result follows. □ 

Lemma 3.3.2. Let C C Jq{N) he the cuspidal subgroup of Jq{N). Then 

Proof. Clearly C[2] is killed by 2. Furthermore for any prime / f A we have 
that Tic = {I + l)c for any cusp c G C, so the only thing we need to check 
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if TpC = c (mod m) for c G C[2]^ new_ ^j^-g^ ^j^^ formula of 

Ribet 

Tp + Wp = iaN,N/p)* ° Wn,n/p)* 
(see [IB]). If iV is even and c G C[2]2-new ^j^g^ (/?^^,iv/2)*(c) = by def- 
inition. Therefore in this case T2(c) = —W2{c) = ±c which is the desired 
result. For general odd prime p\N , let r\N such that (r,N/r) = 1. Note 
that a]\f^]\f/p = PN^N/pWp. Let r = p^s were p f s. Then we have 

{Tp + Wp){Pr-Pi) = a*l3.{Pr-Pi) 

= a*atf{Ppi-ig — Pp) 
= a*{Ps-Pi) 

= Ps+ pPps -Pi- pPp 

= Ps + Pps-Pi-Pp (mod 2) 
= [1 + Wp){Pr - Pi) (mod 2). 

Therefore Tp{P^ — Pi) = Pr — Pi (mod 2). Furthermore since the cuspidal 
subgroup is generated by elements Pr — Pi we have that C[2]^~'^^^ is killed 
by Tp-l. □ 

The following proposition gives us a method to show modular Abelian 
varieties have even congruence numbers. 

Proposition 3.3.3. Let vr : Jq{N) A be a new modular Abelian variety 
with odd congruence number. Assume that A^[m] ^ 0. Let B = ker(7r) be 
the orthogonal Abelian variety, and let C C Jo{N) be the cuspidal subgroup 
of Jo{N). Then Br\C[2]'^-^^^ = 

Proof. Assume the contrary, and let P G i? n C[2]^~''^^^ be such a point. 
By lemma [3X2] and the fact that P E C[2]2-new^ Yime that P is killed 
by m. Therefore P € -B[m], which means B[m\ ^ 0. Now by lemma [2.3.71 
we get that the characteristic of T/m divides the congruence number of A. 
Since T/m = F2, we get that A will have even congruence number, which is 
contrary to our assumption. Therefore B n C[2]2-new ^ □ 

We now prove the main result of this chapter. 

Theorem 3.3.4. Let N be a square free integer, and let vr : Jq{N) ^ A be 
a new simple modular Abelian variety with odd congruence number. Then 
N is either a prime number or a product of two prime numbers. 
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Proof. Assume that N has more than two prime divisors and that A has 
an odd congruence number. By lemma [3.3.11 we have that A^[m] 7^ 0, and 
therefore by proposition 13.3.3] we only need to create a nontrivial element in 
B n C[2]'^~^^^ . Alternatively, we only need to create a nontrivial element 
in C[2]'^^^^^ which vanishes under vr. 

By lemma [3.2.81 we have that {wn)* acts as —1. Since wn = Y\i\]\[Wi 
there are odd number of primes such that (w/)* acts as —1 on A. Therefore 
we can pick distinct prime divisors of A^, p, q, and r such that (wp)^ acts as 
— 1, while {wr)* = {wq)^:. Furthermore, since we know that when N is even 
then acts as +1, assume that 2 f pq. 

We now use proposition 12 . 2 . 5) to construct a point of even order. Specif- 
ically let Sp, Sq = ±1. Then let the order of 

Z = {1- Wqr)il + SpWp){l + SqWq)Pl = (1 + SpWp){l + SqWq){l - SqWr)Pl 

be m. We have that m is divisible by Num |^ (i+^pP)(i+^'>'?)(i-^'>O y jf 

choose Sp = —p (mod 4) and Sq = —q (mod 4) then this order is even. 
Therefore we have w = lives in C[2]. Note that if A^ is even and r = 2, 
then (02)* (z) = (1 - Sq){\ + SpWp){\ + SqWq)Pi. li Sq = l then (02)* (-z) = 
which means z G C[2]^~'^^^, while if Sg = — 1 then z will have order m/2 or 
m/6. In either case, {a2)*{w) = which means w G C[2]^~'^^^ always. 

We now show that 7r(z) = 0. Note that K]b{wqr){h) = a + h for some 
two torsion point a. Therefore 

7r(T - Wqr{T)) = ■k{t) - Alb(Wgr) (7r(r) ) = a, 

for any r in Xq{N). Let P = (1 + SpWp){l + SqWq)Pi = Pi±Pp±Pq± Ppg. 
Then 

niP - Wqr{P)) = 4a = 0, 

which proves that z £ ker(7r) = B. Therefore {m/2)z G SnC[2]2-new ^i^i^h 
is the desired result. □ 

Combining this theorem with section 13.11 we get that if A is an abso- 
lutely simple modular Abelian variety with odd congruence number then 
the conductor of A belongs to {2",p", 2p,4:M,pq} for some odd prime p and 
q and positive integers a and M. We expect that the same result is true 
for odd geometric congruence number. In general we conjecture the slightly 
stronger result 
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Conjecture 1 . If ^4 is a simple modular Abelian variety with odd geometric 
congruence number, then the conductor of A is either a power of prime, 
product of two primes, or 2°'p^ for a = 2 or 3, and 6 > 1. 

Using [Ij we get that when 4 \ N then the having odd algebraic con- 
gruence number is the same as having odd geometric congruence number. 
Therefore, we can prove the above conjecture when 4 f and A is absolutely 
simple. 

3.3.1 Congruences Classes of Primes 

Let A be a simple modular Abelian variety with odd congruence number 
and conductor A^ = pq, with p and q odd. We want to find congruences that 
p and q need to satisfy. By lemma [3.2.81 we know that Wpq is acting as — 1 
on A. Therefore, we may assume without loss of generality that Wq is acting 
trivially on A and Wp is acting as —1. Then z = {lzizWp){l — Wq)Pi lives in 
C n B, since tt(z) = 0. (The argument is the same as 13.3.41 To be precise, 
one can check that Alh{wq){z) = a + z and A\h{wp){z) = b — z were a is a 
two torsion point. Therefore 



7r(Pi) 


= 0, 




= b, 




= a, 


^(Ppg) 


= a + b. 



and hence it{z) = a + a = 0.) Now by proposition 12.2.5] we have that the 

order of z is Num (^^^-^-^—^^ ■ Therefore if A has odd congruence number, 

we must have that p = ±3 (mod 8) and q = 3 (mod 4). 

Similarly, if A has odd congruence number with conductor N = 2p then 
we know that W2 acts trivially and Wp acts as —1 on A. As before we get 
that z = {1 — W2)(l i Wp)Pi lives in C n -B. Furthermore, note that 

a,{z) = a,(Pi -P2± {Pp - P2p)) = Pi - Pi ± (Pp - Pp) = 0, 

which imphes that z £ C[2]'^^^'^'^ n B. The order of z is Num(2±i) which 
means that if A has odd congruence number then p ^ ±1 (mod 16). How- 
ever, we also know that Wp can not have any fixed points. This implies that 
—2 is not a quadratic residue mod p, which in turn means that p = 5, 7, 13, 
or 15 (mod 16). Therefore p = 5, 7, or 13. 
We collect the above in the following 
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Theorem 3.3.5. Let A he a new modular Abelian variety with odd con- 
gruence number and semistable reduction everywhere of conductor N. Then 
one of the following must be true 

1. N = pq and p = ±3 (mod 8) and g = 3 (mod 4). 

2. N = 2p and p = 5,7, or 13 (mod 16). 
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Chapter 4 



Elliptic Curves of Odd 
Modular Degree 

In this chapter we speciahze the results of previous chapter to the case of 
elhptic curves. Doing so we will show that the rank of all such elliptic curves 
must be 0. Furthermore we study elliptic curves with an odd geometric 
congruence number, which is just the modular degree, When 4 | A^, then 
by result of Agashe, Ribet, and Stein [1], having odd modular degree and 
odd congruence number are the same. As such, the theorems of chapter [3] 
can be stated in terms of modular degree. When 4|A'^, it is possible to have 
odd congruence number, but even modular degree, as such the methods of 
section 13.31 do not apply. However, by studying the conductor of elliptic 
curves with the full 2-torsion structure, and studying the cuspidal subgroup 
more carefully we will show that if such elliptic curves don't have conductor 
Ap, as it is conjectured by Stein and Watkins [21], then they must satisfy 
some stringent conditions. Unfortunately we are unable to rule these cases 
out at this point. 

Notice that for an elliptic curve E we have that E"^ ~ E. Therefore we 
treat E'^ and E as the same object. 

4.1 Complex Multiplication 

If p'^\N for an odd prime p, then by section 13.11 we have that E has a 
complex multiplication. We also showed that if 16|A^ then E must have 
complex multiplication. There are only finitely many elliptic curves with 
complex multiplication and conductor 2"*p" for some prime number p. Here 
is the list of all such elliptic curves that have odd modular degree: E = 
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27 A, 32A, 36A, 49A, 2435. 

So, we will focus our attention to elliptic curves that are semistable away 
from 2. 

4.2 Level iV ^ (mod 4) 

Consider an elliptic curve E/Q_ such with conductor N. Assume that E 
has odd modular degree. Then by results of [Ij we have that E has odd 
congruence number. Therefore, applying results of previous chapter we get 
that A'^ is prime, or a prime power were E has complex multiplication, or 
product of two distinct prime numbers. Here we will study these cases in 
detail. 

4.2.1 Prime level 

Given elliptic curve E with good reduction at 2 and 3, one can check that 
the torsion subgroup of E has size at most 5. As result, elliptic curves with 
prime conductor have torsion of size at most 5. Mestre and Oesterle 
have studied elliptic curves of prime conductor, and they've showed that 
aside from elliptic curves llA, 17A, 19A, and 37B, all such elliptic curves 
have torsion subgroup of Z/2Z or trivial. The above cases have torsion 
structure Z/5Z, Z/4Z, Z/3Z, and Z/3Z respectively. Furthermore, they 
show that if -Etors is Z/2Z then ii^ is a Neumann-Setzer curve. In that case, 
the rank of the elliptic curve is 0. We will give a proof of this fact, since it 
is fairly straightforward. 

Theorem 4.2.1. Let E be an elliptic curve over Q with prime conductor 
N. Assume that Etors is nontrivial. Then L{E, 1) 7^ 0, and hence E{Q) has 
rank 0. 

Proof. Recall that 



were C/Ae E{C). Therefore if L{E, 1) = then 7:{Pn) = 0, or alterna- 
tively 7r=i,(Pi — P/v) = 0. By [10] we know that Jo(A^)tors is generated by the 
cusp Pi — Pn, and for any Abelian quotient of Jo(A^) ^ A, we have ^tors is 
generated by the image of tt^{Pi — Pn)- Since we are assuming that E has 
nontrivial torsion structure, we must have that 7r*(Pi — Pn) is nontrivial, 
which implies L{E, 1) 7^ 0. □ 
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When E has trivial torsion structure, then we are currently unable to 
prove any positive result for E. In the next chapter we recall an argument 
of Dummigan to justify Stein and Watkins conjecture of the ranks of elliptic 
curves. 

4.2.2 Level N ^2p 

When N is a product of two distinct primes, computer calculation shows 
us that the even conductor and odd conductors behave differently. In this 
subsection, we will study the even case that is N = 2p with p an odd prime. 
Specifically, we want to show that L{E, 1) / 0. One can prove this by 
studying the cusps in Jo{N), however in this case it seems easier to prove 
this using analytic tools. 

Specifically let fEio) = ^cinQ^ be the modular form attached to the 
elliptic curve E, and let be the real period of E. Note that L{fE, 1) G M 
since the fourier coefficients of /e are rational integers. Therefore the order 
of vr(P2p) is the order of 1) G M/J7e^- We know that L{fE,s) has an 

Euler expansion 

L{fE,s) = Y{Lp{fE,s), 

V 

and we have L2{fE, s) = 1:1^2^ ■ Similarly 

rioo 

7r(Pp) = 27ri / fE{z)dz 

rioo 

= 27ri / fE{z + l/2)dz 
Jo 

pioo 

= 2m / V(-l)''a„g"dz 
Jo 

which implies that vr(Pp) can be written as L{g^ 1) were L{g, s) has an Euler 
product expansion 

L{9,s) = (-l + || + ^ + ...)nM/i=;,^) 

^ p>2 

Therefore L{g, 1) = L{fE, l)(a2 — 1), and more appropriately for us 
7r(Pp) = (02 - l)7r(P2p) (mod J^gZ). 
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We know that if E has an odd congruence number, then 11)2 is acting 
trivially, which implies that a2 = —1. Therefore 



7r(Pp) = -2tt{P2p) (mod Qe^)- 

However, we also know that = W2{Pp), and 'i:{w2{Pp)) = 7r(Pp) + a were 
a is a two torsion point in E. Furthermore since both vr(Pp) and 7r(P2p) are 
both equivalent to a real number, then we get that a is equivalent to a real 
number as well, which implies a = ^ (mod 0,e'^)- Therefore 

7r(Pp) = tt{P2p) + ^ (modQE^), 
= -27r(P2p) 
^-37r(P2p) = ^ (modQeZ), 

^7r(P2p) = ^Ei'^-h {mod flEZ) 

for some integer k. Therefore vr(P2p) 7^ and hence L{fE, 1) 7^ 0. Further- 
more we know that 7r(P2p) will either be a 6 torsion point (for A; = or 1 
(mod 3)), or a two torsion point (for k = 2 (mod 3)). 

Note that in either case, we have an elliptic curve with conductor 2p 
having a rational two torsion points. Such elliptic curves have been studied 
by Ivorra [7j, and one can use his techniques to put stringent conditions 
on what values p can be. In particular he shows that if p > 29 then there 
is an integer k > 4 such that one of p + 2*^, p — 2^^, or 2'^ — p is a perfect 
square. However, we already know from theorem 13.3.51 that p = 5, 7, or 
13 (mod 16). Putting these two together we get that p = 7 (mod 16), and 
p = 2^ — m?. In fact, in this case Ivorra's result tell us that 7 < k < f{p) 



were 



fip) 



|'l8 + 21og2n ifn<29^ 
|435 + I01og2n ifn>>29*^ 



and our elliptic curve is isogeneous to 

+ xy = + ~^ 2^"^x. 

Furthermore, quick search through the Cremona database, shows us that the 
only elliptic curves with odd modular degree and conductor 2p with p < 29 
are E = lAA and E = 46^4, and both of these are of the form above. 
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4.2.3 Level N = pq 

In this subsection, we will study elliptic curves of odd modular degree and 
conductor pq were p and q are both odd. By theorem 13.3.51 we know that 
p = ±3 (mod 8) and q = 3 (mod 4). We will show that with few exceptions, 
p = 3 (mod 8) and q = 3 (mod 8). Given this choise, Wq is acting trivially 
on E. Furthremore, all such elliptic curves have rank over Q. 

We will first show that E[2] = Z/2 x Z/2. From section [32] we have 
that Alb(u)p) is translation by a two torsion point P £ E[2]. Considering 
this map over F2, we get that this point P E E[2] will not vanish under the 
reduction mod 2 map. 

Lemma 4.2.2. Let E be a rational elliptic curve with conductor pq with an 
odd congruence number, as discussed earlier in this section. If {p, q) ^ (3, 3) 
(mod 8), then E[2]{Q) = {Z/2f 

Proof. Let P £ E[2]{Q) be a rational two torsion point that does not vanish 
mod 2. Assume that £'[2](Q) = Z/2. Say E has a torsion point Q of order 
2m + 1. Then #E{¥2) > 2{2m + 1) > 6 which contradicts the Hasse-Weil 
bound. Similarly, assume that E has a rational 8 torsion point Q G E(Q). 
Then 4Q has order 2. Since we are assuming £^[2] = Z/2 we get that 
4:Q = p. Applying the reduction map vr we get that 47r(Q) = tt{P) 7^ 
0. Therefore 7r{Q) has order 8 in E(F2). This contradicts the Hasse-Weil 
bound. Therefore i?tors = ^/4 or Z/2. 

Now assume that Stors = Z/4. As discussed earlier Alb(wp) is translation 
by P. Let Alh{wq) : z Q — z. HQ has order 4 then 2Q = P. In that case 



IT., 



~m ■ - -V — -V - — 1/ 

.{Ppq + Pg- 2Pi) = iQ + P) + (Q) - 2(0) = 0. 



However, bv l2.2.3l we get that T = Ppq + Pq — 2Pi has an even order. To see 
this note that 
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(p2-l)(g2-l) 



(l-p-2pq\ 
l-p + 2q 
2p- q + pq 
\-2-q+pqJ 



Since p = ±3 (mod 8) and q = 3 (mod 4), we get V2{p'^ — 1) = 3 and 
therefore this has even order if some element in the above vector has 2- 
valuation less than the 2-valuation of q^ — 1. Since q is odd, V2{q^ — 1) > 3, 
while for all possible congruences we that V2{2p — q + pq) < 2. Therefore 
C[2] nB is not empty, which implies A must have even congruence number. 
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Now assume that -Etors = '^/'^- Then, either P\ — Ppq goes to the origin 
or Pi — Pq goes to the origin. We know that the order of Pi — Pq = (p^ — 
l)(g — l)/24 which is even, hence for E to have odd congruence number we 
get Pi — Ppq goes to the origin. In that case. Pi — Ppq has an odd order if 
and only if p = g = 3 (mod 8) . □ 

Now we prove a lemma that we need to show elliptic curves of odd 
congruence number in our situation have rank 0. 

Lemma 4.2.3. Let E he a semistable elliptic curve with conductor pq and 
p = q = 3 (mod 8), having a two torsion point, then E[2]{Q) = (Z/2)^. 

Proof. Notice that elliptic curves with rational 2-torsion points and good 
reduction at 2 have a model 

E : y'^ + xy = + a2X^ + a/ix. 

Recall that 62 = 4a2 + 1, 64 = 2a4, hQ = 0, and h% = —a\. The discriminant 
of ^ is 

A = al((4a2 + 1)^ - 64a4), 

and we have 

_ x^-hx^-hx-bs 

for point Q = {x,y). Therefore E[2] = (Z/2)^ if and only if the cubic 4x^ + 
62^;^ + 264 + be will split completely, which means that a4((4a2 + 1)^ — 64a4) 
will be a perfect square. Assume the contrary, that is (4a2 + 1)^ — 64a4 is 
not a perfect square. Also, since we are assuming that E has potentially 
good reduction everywhere, we have that 4a2 + 1 and 04 are coprime to each 
other. There are few cases that we need to consider 04 = ±1, ztp" or ±p"g^. 

1. If 04 = —1 then (4a2 + 1)^ + 64 = ±p°'q^. Therefore is a sum of 
two squares, and since they are both equivalent to 3 (mod 8) we get 
that a and /? must be even. Therefore A is a perfect square. 

2. If 04 = 1 then we get 

(4a2 + If - 64 = (4a2 + 9)(4a2 - 7) = ip'^q'^. 

If 4a2 + 1 ± 8 = ±1 then we get p'^q''^ = 17 or 15. Neither of these 
cases p = q = 3 (mod 8). Therefore we must have 4a2 + 9 = p" and 
4a2 — 7 = q^. However this forces p°' = q^ = 1 (mod 4), which implies 
a and /3 are even, and hence A is a perfect square. 
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3. If a4 = ■iip"' then we have (4a2 + 1)^ — 64(ibp''') = itg^. Considering 
the above equahty modulo 4 we get that (3 is even. Therefore A = 
a|((4a2 + 1)^ — 64a4) = p^'^ql^ is a perfect square. 

4. If 04 = ±p^q' then we get (4a2 + 1)^ - 64(±pi'g^) = ±1. Again, 
considering the above modulo 4 we get that the right hand side equals 
+1. Therefore A = a4((4a2 + 1)^ — 64a4) = p^'^q^'^ is a perfect square. 

So, in all cases we get that A is a perfect square, and hence ii^[2](Q) = 
(Z/2)2. □ 

Corollary 4.2.4. Let E he an elliptic curve of conductor pq with odd con- 
gruence number. Then L{E, 1) ^ 0, and hence E has rank 0. 

Proof. We've already seen that in this case -E'[2](Q) = (Z/2)^. Also, we know 
that -Etors is generated by the image of cusps. We saw that ir{Pp) = P is a 
two torsion point. Therefore ■n{Ppq) can not be 0, otherwise 7r(Pq) = P and 
hence -Btors = Z/2. Therefore L{E, 1) ^ 0, and E has rank 0. □ 

Now we show that when -Etors is Z/2 x Z/4, then E has conductor 15 
or 21. First we prove a general result about semistable elliptic curves with 
Etois = Z/2 X Z/4 and good reduction at 2. Specifically 

Lemma 4.2.5. Let E he a semistable elliptic curve with good reduction at 
2. Etors = ^/2 X z/4, and let Q G E{Q) is a point of order 4. Then Q has 
order 4 in £'(F2). 

Proof. We use the same notation as lemma [4.2.31 so 

E : y'^ + xy = x"^ + a2X^ + 04^. 

Since E[2] = Z/2 x Z/2 we get that (4a2 + 1)^ - 64a4 and A are perfect 
squares. Let (4a2 + 1)^ — 64a4 = m^. The x coordinate of the two torsion 
points are 0, 4a, and j, were we've chosen m so that a and (3 are both 
(odd) integers. Furthermore, they better be coprime to each other for E to 
be semistable. Note that j maps to the origin under the reduction mod 2 
map. We have 



b2 


= 16a + /3, 


64 


= 2a/3, 


be 


= 0, 


bs 


= a2/32, 


A 


= a2/32(16a 
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Now let Q be a point of order 4. Then x([2]Q) = 0, 4q, or f . If x{[2]Q) = f , 
then we get 

(3 — b^x'^ — bg 

4 ~ 4x3 + 62^:2 + 264X 

x^ - 2a/3x2 - a^f3^ 



4x3 + (16a + /3)x2 + 4a2/32' 

x^ + /?x^ + (2a/3 + --x^ + a/3^x + 



= (^^ + — X + a/3 

= ^"^+4^ "16+"^- 

Therefore we must have — jg + '^/^ ~ Te(~(^ + -'-^'^) ^ perfect square. 
Since a and /? are coprime to each other, we get that /3 and — /? + 16a are 
both perfect square. This can't happen, since only one of those two can be 
congruent to 1 (mod 4). Therefore x([2](5) = or 4a. In either case, under 
the reduction mod 2 map we get that Q has order 4, which is the desired 
result. □ 

Lemma 4.2.6. Let E be an elliptic curve of conductor pq with Etors = 
Z/2 X Z/4. Then pq = 15 or 21. of conductor N = pq and 

Proof. Using the same notation as lemma I4.2.5| let 0, 4a and j be the x- 
coordinate of 2 torsion points of E. Let Q be a point in .Etors of order 4. If 
x([2]Q) = 4a, we can do a change of coordinate to find another model with 
x([2](5') = 0. Therefore without loss of generality assume that x([2](5) = 0. 
Using the double point formula 14.11 we get that (x^ — 04) = 0, therefore 04 
must be a perfect square. Since A = ((4a2 + 1)^ — 6404) = p'^^q'^^, we 
get that ai = 1, p^' , q^ , or p^q^. 

a4 = 1 In this case we get (4o2 + 1)^ — 64 = p^'^q^^ = vi? . Therefore 

(4a2 + 1 + m)(4a2 + 1 - m) = 64. 

Choosing m with the correct sign, we get 4a2 + 1 — m = ±2 and 
4a2 + 1 + m = ±32 which gives us m = ±15. This forces the conductor 
to be 15. 

04 = p^ First note that r is even. In this case we get (4a2 ± 1)^ — 64p'" = q^^ 
Factoring the right side we get 

(4a2 ± 1 ± 8p^/2)(4^^ ^ ^ _ 8pr/2) ^ ^2s^ 
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which imphes 4a2 + 1 — ±8p''/^ = 1 and 4a2 + l±8p''/^ = q^^ . Subtract- 
ing we get q^^ — 1 = ±16^'"/^. Since q^^ > 1 we have the positive sign. 
Factoring the right side we get it 1 = 8 or 2, and q^ — ^1 = 2p'^/^ 
or ^p^/"^. Considering ah cases we get = 7 or 9 with = 9 or 25. 
This forces the conductor to be either 15 or 21. 

04 = p'^q'^ Then we have (4a2 + 1)'^ — 64a4 = 1. However, there are no positive 
perfect squares that differ by 1, therefore this case can't happen. 

This completes our proof. □ 

Remark 4.2.7. The previous lemma is long, and tedious. It certainly feels 
like certain parts can be shortened, although I haven't figured out how. 
Note that it is really easy to show that 3 must divide the conductor by 
the Hasse-Weil bound. Unfortunately I don't see how that can simplify the 
argument. 

Theorem 4.2.8. Assume E is an elliptic curve with odd modular degree. 
Furthermore, assume that conductor of E is pq with pq > 21. Then p,q = 3 
(mod 8). 

Proof. Since Etors = Z/2xZ/2we get that the cusps 

Pi ~\~ Pp Pq Ppq^ 
Pi Pp ~l~ Pq Ppq^ 
Pi Pp Pq ~l~ Ppq- 

One can check that the order D'^^ is Num ^ ^^'^^^^'^^^ ^ . Furthermore since 

Pj's all map to a two torsion point and since Ppq maps to the sum of the 
images of Pp and Pq, we get that each D"'^ vanishes in E. Therefore, by 
theorem [l] we get that D"^^ all have odd orders in Jo{N). 

Considering D we get that 16 f (p — l){q — 1). Therefore either p or 
q is congruent to 3 (mod 4). Assume without loss of generality that p = 3 
(mod 4). Now considering we get that 16 f (p + l){q — 1). This gives 
us that p = 3 (mod 8) and q = 3 (mod 4). Finally considering D ^ we get 
that 16 f (p — l){q + 1), which implies q = 3 (mod 8). □ 

4.3 Level N = (mod 4) 

When E has additive reduction at 2, we have to work quite a bit harder 
to get the results that we expect. In this case, as we mentioned before. 



D+- = 
D-+ = 
D— = 
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the modular degree can be odd, even if the congruence number is even. 
Furthermore, we can not apply the methods of 13. II unless 16|A^, and as such 
there are many more cases that we need to consider. However we still know 
that if an odd prime p\N , then by thereom 13 . 2 . 1 1 we get that E has a rational 
two torsion point. Furthermore, if two distinct odd primes p and q divide 
N then we get that £'[2](Q) ~ (Z/2)^, and finally no more than two odd 
primes can divide the conductor, since #i?[2](Q)|4. 

In this section, we study these cases by considering elliptic curves with 
the desired torsion structure and conductor. Throughout this section, we 
will assume that 4|A^. 

4.3.1 Case N = ^'pq 

We will first study what happens when E has bad reduction at two distinct 
primes p and g, and having odd congruence number. By results of section 
13.11 we get that V2{N) < 4, otherwise E must be a power of 2. By theorem 
13.2.11 we have that ii^[2](Q) = (Z/2)^, and thus E has a minimal model 

E : = x{x + a){x + b), 

with discriminant A = 2^(a6(a — &))^. If needed, we can translate x so that 
b is even, and a 7^ ±1. Since E has multiplicative reduction at p and q, we 
get that gcd(a, b, {a — b)) = 2" for some u. There are few cases that we need 
to consider. Note that if 2| gcd(a,6), then we may substitute x' = 2x and 
y' = 4y to get 

E : 2{y'f = x'{x' + a/2){x' + 6/2), 
which is just a twist of 

E' :y'^ = x{x + a/2){x + 6/2). 

Since conductor of E' divides E, we get that E will have even congruence 
number. Therefore, we have two cases that we need to consider: either 
a = ^p'^q^ with a and /? > and 6 = ±2'*' or a = ibp" and 6 = ±2'^q^. We 
apply Tate's algorithm to calculate the conductor of such elliptic curves in 
each case. 

Case 1 Assume a = sip'^q^ and 6 = §22'^, were sf = 1. Furthermore, assume 
that a,P > 0. Then using the notation of [20] we 02 = {sip"'q^ + 
S22'''), 04 = siS2P°^q^w"' , and oi = 03 = 05 = 0. Furthermore, A = 
24+27p2a^2/3^pQg/3 _ gj^522'^)^. Applying Tate's algorithm as presented 
in [20], page 365, we see that when 7 = or 1 then we end up in step 
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4, and E will have Kodaira type III, and V2{N) = V2(A) — 1 > 5. 
Therefore 7 > 1. In that case, if si = S2 then wc end up in step 7, 
and E will have Kodaira type /*, were n = 2(7 — 2). In this case 

v{N) = v{A) -n- 4 = 4 + 2^-2(^-2) -4 = 4. 

Again, this contradicts the odd congruence number assumption. If 
Si = —S2 then if 7 = 2 we have type /* again for n = 2(7 — 2) which 
gives us v{N) =4. If 7 > 3 we get that E has type ///* and v{N) = 3. 
This does not contradict our assumption for odd congruence directly. 
However in this case, since A = 2*p*q* we get that p"g^ — S1S28 = ±1. 
Therefore we get p°'q^ = 9 or 7, which can't happen by our initial 
assumption. Therefore 7 > 4. However, in this case our elliptic curve 
was not minimal, and changing coordinates we get that E in fact has 
semistable reduction at 2. 

Case 2 Assume a = sip"' and b = S22'^q^ , were s? = 1. We get that A = 
24+27p2a^2/3|-pO _ 5^522''')^. Again, applying Tate's algorithm we get 
that if 7 = 0, 1 then we are in type /// and V2{N) = 5, which is not 
possible. So 7 > 2. If sip" = 3 (mod 4) then the Kodaira symbol for 
E is /* were n = 2(7 — 2) and v{N) = 4, which contradicts the odd 
congruence number assumption. If sip" = 1 (mod 4) and 7 > 3, then 
our elliptic curve was not minimal, and with a change of coordinate we 
get that E in fact had semistable reduction. However, when 7 = 2 we 
end up in step 7, with Kodaira symbol /* and v{N) = 'y(A) — 4— 1 = 3. 
Similarly if 7 = 3 wc end up in step 9, with Kodaira symbol III* and 
v{N) = 3. Unfortunately, we can't rule out either of these cases using 
our techniques, and all we can say at this point is that {p" — =4 
or 8. 

However, one can check that \p°' — q^\ = 4 then E will have potentially 
good reduction. That means after making a base change to K, E will 
attain good reduction. However, the degree of the map Xq{N) E 
will not change, and now by reducing this map modulo a prime above 
2, we get that the Albanese induced action of one of Atkin-Lehner 
involutions must be trivial. Therefore the degree of the map must be 
even. Therefore, the only case that we can't deal with is \p"' — ql^\ = %. 

We summarize the results of the above calculation in the following 

Proposition 4.3.1. If E is an elliptic curve with odd congruence number 

and conductor 2'^pq, then / = 3 and E has the form 

E : = x{x — sp°'){x — sq^), 
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for some = 1 and a, (3 positive integers, and — = 8. 

We remark that we present E m. a, slightly different form than what 
we used in our calculation, since it makes the proposition easier to read. 
We don't expect such elliptic curves to actually exist, and in fact Stein 
and Watkins's computations and conjecture suggests that there are no such 
elliptic curves. One can probably come up with a complete proof of this 
result by studying the cuspidal subgroup of Jo{N) when N = 8pq, and 
generalizing the results in section 13. 31 

4.3.2 Case N = 2''p 

In this case, we have that E has a rational two torsion point, and therefore 
we can use Ivorra's classification of such elliptic curves. When r = 2, then 
we get that p = m? + 4 for some integer m and 

E : = x{x^ + mx — 1). 

We conjecture that infinitely many such elliptic curves have odd modular 
degree. 

When r = 3, again Ivorra has a classificaion, and we get that for p > 31 
we are in one of the following cases: 

1. The integer p — 16 is a square and E is isogeneous to 

= + \J p — 16x^ — 4x, 

2. the integer p — 32 is a square and E is isogeneous to 

2/^ = + y^p - 32x^ - 8x, 

3. the integer p + 32 is a square and E is isogeneous to 

= x^ + + 32x2 + 8, 

By searching Cremona's database for elliptic curves of conductore less than 
30000 we only find elliptic curve 24^ of odd modular degree. We conjecture 
that 24A is the only elliptic curve of odd modular degree with 8 dividing its 
conductor. 
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